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An n-partite tournament is an orientation of a complete n-partite graph. In 1976,
Bondy raised the following problem: does every strong n-partite (n5) tourna-
ment, in which each partite set has at least two vertices, contain an (n+1)&cycle?
It is the purpose of this paper to give a characterization of all such n-partite tour-
naments without (n+1)-cycle.  1996 Academic Press, Inc.
1. Introduction
The vertex set and the arc set of a digraph D are denoted by V(D) and
E(D), respectively. If xy is an arc of D, then we say that x dominates y, or
y is a positive neighbor of x, or x is a negative neighbor of y. More
generally, if A and B are two disjoint subdigraphs of D such that every ver-
tex of A dominates every vertex of B, then we say that A dominates B,
denoted by A  B. The outset N+(x) of a vertex x is the set of vertices
dominated by x, and the inset N&(x) is the set of vertices dominating x.
For a subdigraph A of D, we define N+(A)=x # V(A) N+(x)&V(A),
N&(A)=x # V(A) N&(x)&V(A), and D[A] as the subdigraph induced
by A.
By a cycle (path) we mean a directed cycle (directed path). Let x and y
be two vertices of a digraph D. A path P from x to y is minimal if no
proper subset of V(P) induces a subdigraph of D which contains a path
from x to y. The distance d(x, y) from x to y is defined as the length of a
shortest path from x to y in D. The number
d(D)=max[d(x, y) | x, y # V(D)]
is called the diameter of D.
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A digraph obtained by assigning directions to the edges of a complete
n-partite (n2) graph is called an n-partite or multipartite tournament.
A tournament is an n-partite tournament, which has exactly n vertices.
Bondy [2] proved that every strong n-partite (n3) tournament con-
tains a k-cycle for all k # [3, 4, ..., n]. He also showed that if D is a strong
n-partite (n5) tournament, in which each partite set has at least two ver-
tices (we denote the set of all these multipartite tournaments by D), then
D contains a k-cycle with k>n. In connection with the last statement, he
asked the following question: does every multipartite tournament of D
contain an (n+1)-cycle?
A negative answer to this question was obtained by Gutin [4]. The same
counterexample Q2n (see below) was found independently by Balakrishnan
and Paulraja [1]. Furthermore, Gutin [5] proved that every multipartite
tournament in D has an (n+1)-cycle or an (n+2)-cycle.
In this paper, we give a complete solution of this problem of Bondy,
and we determine the structure of all multipartite tournaments of D,
which have no (n+1)-cycle. Before we present our main results, we define
the following multipartite tournaments. Let n5 be an integer and P=
x1 x2 } } } xm be a path with mn. The n-partite tournament consisting of P
and the arcs xi xj for all i and j satisfying i&j>1 and ij (mod n) is
denoted by Qm . The vertices x1 and xm are called initial and terminal
vertex of Qm , respectively. The set of all n-partite tournaments obtained
from Qm by substituting xi with a vertex set Ai for i=1, 2, m&1, m is
denoted by Wm .
2. Main Results
Our main theorem is based on the following result, which is interesting
in itself.
Theorem 2.1. Let D be a strong n-partite tournament. If D has a k-cycle
containing vertices from exactly l partite sets with l<n, then D has a t-cycle
for all t satisfying ktn+(k&l).
Proof. Let Cm=x1x2 } } } xmx1 be a longest cycle of D such that D has
all cycles of lengths from k to m and Cm contains vertices from at most
l+(m&k) partite sets. If mn+(k&l), then we are done. So we may
assume that m<n+(k&l ). It is obvious that l+(m&k)<n. This implies
that there exists at least one partite set of D which has no vertex contained
in Cm . Let S be the set of all vertices that belong to partite sets that
are not represented on Cm . If there is a vertex x of S such that
N+(x) & V(Cm){< and N &(x) & V(Cm){<, then it is not difficult to see
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that x can be inserted in Cm to form an (m+1)-cycle, which contains ver-
tices from at most l+(m&k)+1 partite sets, a contradiction. Otherwise,
S can be decomposed into two subsets S1 and S2 such that S2  Cm  S1 .
Assume without loss of generality that S1 is nonempty. Since D is strong,
there is a path from S1 to Cm . Let P=y1y2 } } } yq be a shortest such path,
and assume without loss of generality that yq=x1 . It is obvious that q3.
Suppose first that V(P) & S2=<. It is easy to see that yi  y1 for all
i3. If qm+1, then y1 y2 } } } ym+1y1 is an (m+1)-cycle. If qm, then
y1 y2 } } } yqx2 x3 } } } xm+2&qy1 is also an (m+1)-cycle. Clearly, each of these
two (m+1)-cycles visits at most l+(m&k)+1 partite sets of D, a contra-
diction.
Finally, we investigate the case V(P) & S2 {<. Since S2 dominates Cm ,
the vertex yq&1 is contained in S2 and yq&2  S2 . It is clear that yq&2 has
at least one negative neighbor in Cm . Assume without loss of generality
that x1yq&2 is an arc of D. If yq&2 does not belong to S1 , then
x1 yq&2yq&1x3x4 } } } xmx1 is an (m+1)-cycle which contains vertices from
at most l+(m&k)+1 partite sets, a contradiction. If yq&2 # S1 , then
q=3. Now we see that x1y1 y2x3 x4 } } } xm x1 is an (m+1)-cycle and
x1 y1 y2x2 x3 } } } xmx1 is an (m+2)-cycle which contains vertices from at
most l+(m&k)+2 partite sets. This contradiction completes the
proof. K
Corollary 2.2 (Balakrishnan and Paulraja [1]). Let D be a strong
n-partite tournament. If D has an n-cycle which visits at most n&1 partite
sets, then D also contains an (n+1)-cycle.
Theorem 2.3. Let D be a strong n-partite (n5) tournament, each of
whose partite set has at least two vertices. Then D has no (n+1)-cycle if and
only if D is isomorphic to a member of Wm , where m&1 is the diameter
of D.
Proof. It is easy to check that every element of Wm contains no (n+1)-
cycle. Now we show that the converse is true as well. In the following we
shall assume that subscripts are taken modulo n, apart from a few obvious
exceptions.
By the theorem of Bondy [2], mentioned above, D has an n-cycle. Since
D has no (n+1)-cycle, we deduce from Theorem 2.1 that every n-cycle of
D visits all partite sets of D. This implies that any n-cycle of D induces a
strong tournament. Let 0 be the set of all strong tournaments of D, each
of which has n vertices.
We first show that if for every T # 0, all vertices of D&V(T) are con-
tained in N+(T ) & N&(T ), then D has an (n+1)&cycle. Let T1 be a mem-
ber of 0 and Cn=x1 x2 } } } xnx1 a Hamiltonian cycle of it (see [3]). Since
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every partite set of D has at least two vertices, D&V(T1) has n vertices y1 ,
y2 , ..., yn such that xi and yi belong to the same partite set for i=1, 2, ..., n.
Because D has no (n+1)-cycle and yi is in N+(T1) & N &(T1), it is a simple
matter to obtain xi&1  yi  xi+1 for i = 1, 2, ..., n. If we exchange x1
with y1 , then the resulting tournament T $1=D[T1 _ [ y1]]&x1 has the
Hamiltonian cycle y1x2 } } } xny1 . With the same argument as above, we
obtain yn  y1  y2 . If we continue this process we finally arrive that
y1 y2 } } } yny1 is an n-cycle. Assume that there is an integer t such that
yt+1  yt&1. If xt+2  yt (or xt  xt&2), then xtxt+1xt+2yt yt+1 yt&1 xt
(or xtxt&2xt&1ytyt+1yt&1xt) is a 6-cycle containing vertices from exactly
four partite sets. Since n5, we deduce from Theorem 2.1 that D has an
(n+1)-cycle, a contradiction. Therefore, we have yt  xt+2 and xt&2  xt .
But now we see that xtyt+1yt&1yt xt+2 xt+3 } } } xt&2 xt is an (n+1)-
cycle of D, a contradiction. So we may assume that yi  yi+2 for i=
1, 2, ..., n. Since x1 and yi are adjacent for all i2 and yn  x1  y2 ,
there is an integer l such that yl+1  x1  yl . Now we observe that
y1 } } } yl&1yl+1 x1ylyl+2 } } } yny1 is an (n+1)-cycle of D, a contradiction.
Therefore, 0 has at least one element T such that D&V(T ) contains a
vertex which does not belong to N+(T ) & N&(T ).
Assume without loss of generality that there is a T1 # 0 such that
D&V(T1) has a vertex y1 which is not in N&(T1). Since T1 is a strong
tournament, it has a Hamiltonian cycle, denoted by Cn=x1x2 } } } xn x1 .
Because D is strong, there is a path from y1 to T1 . Let P=y1y2 } } } yp be
a minimal such path. It is clear that p3. Assume without loss of
generality that yp=x1 . Since D has no (n+1)-cycle, we see that xn&1 and
yp&2 must belong to the same partite set of D. Furthermore, it is easy to
check that yp&1 and xn are not adjacent and that xi  yp&1 for all i satisfy-
ing 2in&1. If T1 has a path from x1 to xn on at most n&1 vertices,
then this path, together with the path xnyp&2 yp&1x1 , form a cycle of
length at most n+1, which contains the vertices xn and yp&1 of the same
partite set of D. As a consequence of Theorem 2.1, we see that D has an
(n+1)-cycle, a contradiction. Therefore, T1 is isomorphic to Qn with the
initial vertex x1 and the terminal vertex xn . This implies that every minimal
path from y1 to T1 must end at x1 . It follows that d( y1 , xn)n+1 and
hence d(D)n+1.
Let P=x1x2 } } } xm be a path of D with d(x1 , xm)=d(D)=m&1n+1.
If P has two vertices xi and xj with 0<i&j<n such that they belong to
the same partite set of D, then it is straightforward to verify that D[P] has
a cycle of length at most n+1, which contains xi and xj . Combining this
with Theorem 2.1, we find that D has an (n+1)-cycle, a contradiction.
Therefore, D[P] is isomorphic to Qm with the initial vertex x1 and the ter-
minal vertex xm . If |V(D)|=m, then we are done. So we assume that
|V(D)|>m. Let V1 , V2 , ..., Vn be the partite sets of D and assume without
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loss of generality that xi # Vi for i=1, 2, ..., n. Then it is clear that xi # Vj
for all i#j (mod n). Let x be a vertex of D&V(P) and x # Vs .
Suppose first that x # N+(P) & N&(P). We show that x and one vertex
xl of [x1 , x2 , xm&1 , xm] belong to the same partite set and they have the
same inset and outset in D[P _ [x]].
Assume that P has two vertices xi and xj with i<j such that xi  x  xj .
From the fact that D has no (n+1)-cycle, we conclude that there exists
a vertex xl such that xl&1  x  xl+1 and [x, xl]Vs . If l satisfies
3lm&2, then xxl+1xl+2xlxl&2 xl&1x is a 6-cycle containing two ver-
tices of Vs . Hence, we obtain a contradiction by Theorem 2.1. Otherwise,
we have l=2 or l=m&1. If there exists a vertex xk # N+(xl) & N &(x),
then l=m&1 and xxmxm&2xm&1xkx is a 5-cycle which contains two ver-
tices of Vs . Again, Theorem 2.1 yields a contradiction. Similarly, we can
show that N&(xl) & N+(x)=<. Therefore, in this case, x has the same
inset and outset in D[P _ [x]] as x2 or as xm&1.
Suppose now that all xi and xj with xi  x  xj fulfil the condition i>j.
Let k=max[ j |xxj # E(D)]. If x has at least two positive and two negative
neighbors in P, then Theorem 2.1 implies easily that [xk+1 , xk+2]  x 
[xk&1, xk]. Since mn+2, there is a vertex xr in P such that [xr , x]Vs
and 1<r<m. Assume in addition that every other vertex between xk and
xr in P does not belong to Vs . If r<k (or r>k), then k&rn&3 (or
r&kn&2) and xxr&1 xr } } } xkxk+1x (or xxkxk+1 } } } xrxr+1 x) is a cycle
of length at most n+1, and it contains two vertices of Vs . In view of
Theorem 2.1, we obtain a contradiction to the fact that D has no (n+1)-
cycle. Therefore, x has either only one positive neighbor or only one
negative neighbor in P. Because of d(D)=m&1, the vertex x has the same
inset and outset as x1 or as xm , respectively.
We denote by Ai the vertex subset of D, each of which has the same inset
and outset in D[P] as xi for i=1, 2, m&1, m. Together with the assump-
tion that D has no (n+1)-cycle, it is easy to check that the n-partite tour-
nament D[P _ A1 _ A2 _ Am&1 _ Am] is isomorphic to one member of
Wm .
Now we suppose that x has only negative neighbors in D[P]. Since D
is strong, there is a path from x to D[P]. Let P$=x } } } x$x" be a
shortest path such that x" # N&(P). If N&(x") & V(P)=<, then
x$x"xjxj+1 } } } xn+j&2x$ is a cycle of length n+1, where x$ # Vj , a con-
tradiction. Therefore, we have x" # N+(P) & N &(P). By the discussion
above, x" must belong to Ai with i # [1, 2, m&1, m]. If 1i2, then
xi x$x"xi+1xi+2xi , and if m&1im, then xix$x"xi&2xi&1xi is a 5-cycle
in D. We see that both of these two 5-cycles contain two vertices of the
same partite set of D. It follows from Theorem 2.1 that D has an (n+1)-
cycle, a contradiction. Analogously, we can show that D has no vertex
which has only positive neighbors in D[P].
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Altogether, we have shown that D is isomorphic to an element of Wm ,
and the proof of the theorem is complete. K
As an immediate consequence of Theorem 2.3, we note the following
result.
Corollary 2.4. Let D be a strong n-partite (n5) tournament such
that each partite set has at least k2 vertices. If D has no (n+1)-cycle,
then
(1) d(D)nk&1,
(2) every vertex of D lies on an l-cycle for all l satisfying 3ld(D)
unless l#1 (mod n).
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